EQUILIBRIUM STATES FOR INTERVAL MAPS: POTENTIALS 
WITH sup <p - inf <p < h top (f) 



HENK BRUIN, MIKE TODD 



Abstract. We study an inducing scheme approach for smooth interval maps to 
prove existence and uniqueness of equilibrium states for potentials ip with the 
'bounded range' condition supip — inf ip < ht op (f), first used by Hofbauer and 
Keller [HK]. We compare our results to Hofbauer and Keller's use of Perron- 
Frobenius operators. We demonstrate that this 'bounded range' condition on the 
potential is important even if the potential is Holder continuous. We also prove 
analyticity of the pressure in this context. 



1. Introduction 

Thermodynamic formalism is concerned with existence and uniqueness of measures 
H<p that maximise the free energy, i.e., the sum of the entropy and the integral over 
the potential. In other words 

Ku,if)+ (f dn v = P(ip) := sup <K(f)+ (p dv : - <p dv < oo 

JX ueMerg I JX J X 

where M erg is the set of all ergodic /-invariant Borel probability measures. Such 
measures are called equilibrium states, and P(<p) is the pressure. This theory was 
developed by Sinai, Ruelle and Bowen [Si, R, Bo] in the context of Holder potentials 
on hyperbolic dynamical systems, and has been applied to Axiom A systems, Anosov 
diffeomorphisms and other systems too, see e.g. [Ba, K2] for more recent expositions. 

In this paper we are interested in smooth interval maps f : I —* I with a finite 
number of critical points. More precisely, 7i will be the collection of topologically 
mixing {i.e., for each n ^ 1, /" has a dense orbit) C 2 maps on the interval (or 
circle) such that all its periodic points are hyperbolically repelling and all its critical 
points are non-flat. The existence of critical points prevents such maps from being 
uniformly hyperbolic for the 'natural' potential ip = — log \Df\. 

Inducing schemes where used in [PeSe] to regain hyperbolicity and prove the exis- 
tences of equilibrium states for — t log \Df\ for a large interval of t, but very specific 
Collet-Eckmann unimodal maps /. In [BrT] we investigated — tlog \Df\ with t close 
to 1 for multimodal maps whose derivatives critical orbits satisfy only polynomial 
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growth. Combining inducing schemes with ideas of so-called Hofbauer towers and 
infinite state Markov chains (as presented by Sarig [Saf , Sa2, Sa3]), we proved the 
existence and uniqueness of equilibrium states within the class 

M+ = {n e M erg : A(/i) > 0, supp(/z) <f_ orb(Crit)} . 

where \(p) = / log \Df\dfi is the Lyapunov exponent of [i. In fact the assumptions 
that we make on the potentials in this paper ensure that any equilibrium state must 
lie in this class, and hence it is no restriction to only consider measures there. 

Remark 1. Note that the function fi i— > h^(f) is upper semicontinuous, cf. [BrK, 
Lemma 2.3]. Hence, if the potential is upper semicontinuous, then the free energy 
map [i i— ► hu(f) + f (f d/j, is upper semicontinuous too. As A4 erg is compact in the 
weak topology, this gives the existence of equilibrium states, but not uniqueness. 

In this work we want to use inducing schemes to prove existence and uniqueness of 
equilibrium states for "general" potentials. In this area, there are many results, in 
particular several papers by Hofbauer and Keller [HI, H2, HK] from the late 1970s. 
These results were inspired by Bowen's exposition [Bo] for hyperbolic dynamical 
systems, and investigate what happens when hyperbolicity fails. Their main tool 
was the Perron-Frobenius operator, which even for non-uniformly expanding interval 
maps continues to have a quasi-compact structure for many potentials. In this paper 
we focus on what can be proved for these problems using inducing techniques. We 
then apply Sarig's theory of countable Markov shifts. (A related application of that 
theory for multidimensional piecewise expanding maps can be found in [BuSa].) In 
[HK] two main sets of results are given, based on different regularity conditions for 
the potential; we will present them briefly in Sections 1.1 and 1.2. At the same time 
we set out some definitions which will be used throughout the paper. In Section 1.4 
we present our main results. 

1.1. Potentials in BV. Given a function ip : I — > R, we define the semi-norm 
II • \\bv as 

N-l 

\\<p\\bv '■= sup sup ^2 l^( a fe+i) -v(afc)|. 

NeN 0=a <---<a N =l k=Q 

We say that ip € BV if IMIw < oo. 

The following result is proved by Hofbauer and Keller in [HK]. 
Theorem 1 (Hofbauer and Keller). Let f E H and ip <G BV. If 

sup ^ - inf ip < htop(f), (1) 

then there exists an equilibrium state for ip. Moreover, the transfer operator defined 
by 

C^g{x):= J2 e viv) 9(v) 

is quasi- compact. 
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Condition (1) stipulates that ip does not vary too much; similar conditions have been 
used by e.g. Denker and Urbahski [DU] for rational maps on the Riemann sphere, 
and by Oliveira [O] for higher dimensional maps without critical points. We next 
state a similar result to Theorem 1 from [DKU, P]. Paccaut [P] also gives many 
interesting statistical properties for the equilibrium states. 

Theorem 2 (Paccaut). Suppose that ip satisfies 

(a) exp(t^) € BV; 

0) Er?=i sn PceV n IMdlw < oo; 
(c) sup If < P(<p). 

Then there exists a unique equilibrium state fi v for ip. 

Note that condition (b) on ip is stronger than the condition ip G BV, used in The- 
orem 1. It is also stronger than that in our results in Section 1.4. However, (1) 
implies condition (c). This follows since assuming (1), the measure of maximal 
entropy H htop (f) S ives 

P(<P) > htop(f) + j ' <P d(J, htop ( f ) > htop(f)+mi<p > sup ip. 

Condition (c) implies that any equilibrium state fi must have h^(f) ^ P(ip)— sup ip > 
0. Similarly, supposing (1), and using Ruelle's inequality on Lyapunov exponents 
(i.e., hfj,(f) ^ A(/u), see [Rul]), equilibrium states \i satisfy 

A( M ) > h^f) = P(ip) - J pdfi 

> htop(f) + J ¥ d(J, htop (f) - supv? ^ h top (f) - (sup ip - inf ip) > 0. (2) 

Hence P+(<p) '■= sup /j€ _ A/(+ {/i At (/) + J ip dfx} = P(<p), unless the equilibrium state is 
supported on orb(Crit). 

1.2. Potentials with Summable Variations. The results that we want to present 
rely on a different approach to variation to that above, which is closer to symbolic 
dynamics. Let V\ be the partition of / into maximal interval of monotonicity (the 
branch partition) and write V n = f~ l (Pi)- With respect to this partition we 
define that n-th variation 

V n (ip) := sup sup \ip(x) - ip{y)\, 
In this context the following was proved in [HK]. 

Theorem 3 (Hofbauer and Keller). Let f € H be C 3 and let ip be a potential so 
that 

(i) it has summable variations, i.e., Xm^nlv 5 ) < °°> 

(ii) the following specification- like property holds: for every x £ I, there is k and 
an increasing sequence {n^jj such that 

U* =1 f ni+j (C ni [x]) = I, 
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where C ni [x] £ V ni is the rn- cylinder containing x. 

Then there exists an equilibrium state for ip and the transfer operator C v is quasi- 
compact. 

Property (ii) above is not automatic for interval maps, and it is stronger than the 
standard specification property which holds for all topologically transitive interval 
maps, see [Bl] and [Bui]. For instance, the Fibonacci unimodal map, or more 
generally, every map with a persistently recurrent critical point (see e.g. [Br2]) fails 
this condition. In [DKU], Denker et al. replace the conditions of Theorem 3 to (i) 
P (</?) > sup (p and (ii) sup n f3 n (,p) < °o, where n is defined in (5). 

Notice that the set of potentials with summable variations and the set BV have non- 
empty intersection, but neither is contained in the other, as the following examples 
demonstrate. 

Example 1: Let f{x) = 2x (mod 1) on [0, 1] be the doubling map. Clearly, the 
n-cylinders of / are dyadic intervals of length 2~ n . The potential function 

'0 ifx = 0; 

¥>(*):= | tfze(0,i); 
k ifze [5,1], 

is increasing and bounded, and has ||<^||w = 13^2 ■ However, V n (ip) ^ - ^ 2 , because 
tp(2~ n ) — ip(0) = nl * g2 . So J2n ^(v 3 ) diverges. Note that (p is not Holder either. 

Example 2: For / as in Example 1, the potential function 

M x ) := ijj n (x), where ip n (x) := 4~ n sin(4 n+1 7ra;) • lr^ i_i (x) 



has HV'II.BV = J2 n HV'nllsv = 00 since HV'nllw = 2. But V n (ip) ^4-2 n , so it has 
summable variations. Note that this function is Lipschitz. 



1.3. Lifting Potentials to Inducing Schemes. An inducing scheme (X,F,t) 
over (/, /) consists of an interval X C I containing a (countable) collection of disjoint 
subintervals Xj, and inducing time r : X — > N such that Tj := r\x i is constant 
and F\xi '■= f n \Xi is monotone onto X. If /ip is an F-invariant measure, and 
f x rdjiF < 00, then \xp can be projected to an /-invariant measure ji as in formula 
(3) below. Any measure \x that can be obtained this way is called compatible to the 
inducing scheme. See Section 2.1 the precise definitions. 

Proposition 1 below gives a general way of constructing inducing schemes, which 
we will apply throughout the paper. In Section 2.2, we explain the procedure of 
lifting measures fi to Hofbauer tower (I, /), which is behind the construction in this 
proposition. The full proof of Proposition 1 is given in [BrT, Theorem 3 and Lemma 
2]. 

Proposition 1. If (i G M.+ then it is compatible to some induced system (X,F,t) 
that corresponds to a first return map to a set X on the Hofbauer tower, where 
fi(X) > 0. So ~^Yx) fx T df 1 < °°; an d i n addition, we can take X G V n for some n. 
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Conversely, if an inducing scheme (X, F, r) has a non-atomic F -invariant measure 
Hf such that j r d\xp < oo, then it projects to an f -invariant measure [i G A4.+. 

Given a potential p, the lifted potential $ for inducing scheme (X, F, r) is given by 

V n {$) < oo, (SVI) 

n 

then we say that p satisfies the summable variations for induced potential condition, 
with respect to this inducing scheme. Lemmas 3 and 4 give general conditions on (p 
and/or the inducing scheme that imply (SVI). 

1.4. Main Results. After these preparation we can state our main results on the 
existence and uniqueness of equilibrium states, and analyticity of the pressure func- 
tion. The existence of equilibrium states in M erg often follows by Remark 1, but 
the following theorem gives conditions for uniqueness of equilibrium states in M + . 

Theorem 4. Let f G TL and p be a potential such that supp — inf p < h top (f) and 
V n (p) — > 0. If the induced potentials corresponding to the inducing schemes given 
by Proposition 1 satisfies (SVI), then 

(a) there exists a unique equilibrium state 

(b) fj,^ is compatible to an induced system with inducing time such that the tails 
^({t > n}) decrease exponentially. (Here /i* is the equilibrium state of the 

induced potential ^(x) = J2k=j 1 V' ° P{ x ) °f "0 := V — 

Note that V n (tp) — > implies that ip can only have discontinuities at precritical 
points. 

Remark 2. If the tails ^({t > n}) decrease at certain rates, then one can deduce 
many statistical properties of the equilibrium state. For instance, exponential decay 
of correlations follows from exponential tails, see [Y], but for the Central Limit 
Theorem, Invariance Principles, e.g. [MN1] and large deviations [MN2], already 
polynomial tail behaviour suffices. 

Instead of a single potential, thermodynamic formalism makes use of families tp of 
potentials. The occurrence of phase transitions is related to the smoothness of the 
pressure function t i— > P{tp). Using the technique in [BrT] we derive 

Theorem 5. Let f G H and p as in Theorem 4- Then the map t i— > P(—tp) is 
analytic for t in a neighbourhood of [—1, 1]. 

We will not supply a proof of the above theorem, since it follows rather easily from 
[BrT, Theorem 5]. We will focus our attention on the following related theorem 
dealing with the potential —t\og\Df\. This potential is unbounded, except for 
t = 0. We conclude that t P(— t log \Df\) is analytic near t = 0, which is 
somewhat surprising as we do not require any of the summability conditions of the 
critical orbits of / used in [BrT]. 
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Theorem 6. Let f G Ti. There exist t\ < < ti so that the map t ^ P(— t log \Df\) 
is analytic for t G (ii , ^2) • In fact, for t G (ti , ^2) there exists a unique equilibrium 
state with respect to the potential — ilog \Df\. 

We next make a detailed study of an example by Hofbauer and Keller [HK, pp32-33] 
which applies ideas from [HI]. They used it to show the importance of the condition 
(1) for the quasi-compactness of the transfer operator. We use the example to test 
the restrictions of the inducing scheme methods, and we also show that (1) cannot 
simply be replaced by Holder continuity of the potential by proving the following 
proposition, cf. [Sa2]. 

Proposition 2. For a G (0, 1), consider the Manneville-Pomeau map f a : x 1— > 
x + x 1+a (mod 1) . For any b < — log 2, there exists a Holder potential with sup ip — 
ini(p = \b\ and which has the form ip{x) = — 2ax a for x close to 0, which has no 
equilibrium state accessible from an inducing scheme given by Proposition 1. 

The remainder of this paper is organised as follows. In Section 2 we set out our main 
tools for generating inducing schemes and applying the theory of thermodynamic 
formalism. Section 3 contains the tail estimates of inducing schemes we use. In Sec- 
tion 4 we prove our main theorem on existence and uniqueness of equilibrium states. 
In Section 5 we show that a consequence of our results is an analyticity result for 
the pressure, with respect to the kind of potentials considered in [BrT]. In Section 6 
we give examples, including that in Proposition 2, to show where these techniques 
break down. Finally in Section 7 we discuss the recurrence implied by compactness 
of the transfer operator, and we present conditions implying the recurrence of the 
potential (p. 

Acknowledgements: We would like to thank Ian Melbourne, Benoit Saussol, God- 
ofredo Iommi, Sebastian van Strien and Neil Dobbs for fruitful discussions. We 
would also like to thank the LMS for funding the visit of Saussol. HB would like to 
thank CMUP for its hospitality. We also thank the referee for careful reading and 
constructive comments. 

2. Equilibrium States via Inducing 

2.1. Inducing Schemes. As in [BrT] we want to construct equilibrium state via 
inducing schemes. We say that (X, F, r) is an inducing scheme over (I, f) if 

• X is an interval 1 containing a (countable) collection of disjoint intervals Xi 
such that F maps each Xi homeomorphically onto X. 

• F\ Xl = f n for some n G N := {1, 2, 3 . . . }. 

The function r : UjXj — > N defined by r(x) = Tj if x G Xi, is called the inducing 
time. It may happen that t(x) is the first return time of x to X, but that is certainly 



Due to our assumption that / is topological mixing, we can always find a single interval to 
induce on, but similar theory works for X a finite union of intervals. 
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not the general case. Given an inducing scheme (X, F, r), we say that a measure fj,p 
is a lift of \i if for all //-measurable subsets A C I, 

T—l 

KA) = t^EE M*i n r fc (^)) for A FiM := / r (3) 

Conversely, given a measure fip f° r (X, F), we say that \ip projects to /x if (3) holds. 

Not every inducing scheme is relevant to every invariant measure. Let X°° = 
P\ n F~ n ((JiXi) is the set of points on which all iterates of F are defined. We call 
a measure [i compatible with the inducing scheme if 

• n(X) > and fi(X \ X°°) = 0, and 

• there exists a measure \ip which projects to fi by (3), and in particular 
A,F> < oo. 

2.2. The Hofbauer Tower. Let V n be the branch partition for f n . The canonical 
Markov extension (commonly called Hofbauer tower) is a disjoint union of subin- 
tervals D = f n (C n ), C n G V n , called domains. Let T> be the collection of all such 
domains. For completeness, let Vo denote the partition of / consisting of the single 
set /, and call Dq = f°(I) the base of the Hofbauer tower. Then 

I = U n>0 u c n ep„ /™(C n )/ ~, 

where / n (C n ) ~ f m (C m ) if they represent the same interval. Let ir : I — > / be the 
inclusion map. Points x G I can be written as (x, D) if D G V is the domain that x 
belongs to and x = ir(x). The map f : I I is defined as 

f(x) = f(x,D) = (f(x),D') 

if there are cylinder sets C n D C n+ \ such that x G / ra (C n+ i) C f n (C n ) = D and 
D' = f n+1 (C n+ i). In this case, we write D — > D', giving (X>, — >) the structure 
of a directed graph. It is easy to check that there is a one-to-one correspondence 
between cylinder sets C n G V n and n-paths Dq — > • • • — > Z) n starting at the base of 
the Hofbauer tower and ending at some terminal domain D n . If i? is the length of 
the shortest path from the base to D n , then the level of D n is level(L>„) = R. Let 

Ir = u \ C vc\{d)^r d ■ 

Several of our arguments rely on the fact that the "top" of the infinite graph (T>, — >) 
generates arbitrarily small entropy. These ideas go back to Keller [Kl], see also 
[Bu2]. It is also worth noting that the main information is contained in a single 
transitive part of /. 

Lemma 1. If I is a finite union of intervals, and the multimodal map f : I I is 
transitive, then there is a closed primitive subgraph (£, — ►) of (V, — >) containing a 
dense f -orbit and such that I = tt(Ud££D). 

We denote the transitive part of the Hofbauer tower by 7 trans . For details of the 
proof see [BrT, Lemma 1]. 
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Let i : I — > Dq be the trivial bijection (inclusion) such that i^ 1 = tt\d - Given a 
probability measure xx, let /xo := /x o i -1 , and 

An:=-£/W- fe . (4) 
n fc=0 

We say that ti is liftable to (J, /) if there exists a vague accumulation point /x of the 
sequence {/x n }„ with jx ^ 0, see [Kl]. The following theorem is essentially proved 
there, see [BrK] for more details. 

Theorem 7. Suppose that /x £ Then p, is an f -invariant probability measure 

on I, and ft o tt^ 1 = fi. 

Conversely, if fi is f -invariant and non-atomic, then A(/x) > 0. 



The strategy followed in [BrT] is to take the first return map to appropriate set in 
the Hofbauer tower of (I, /) and to use the same inducing time for the projected 
partition on the interval. Saying that an induced system (X, F, r) corresponds to 
a first return map (X, F, r) on the Hofbauer tower means that if x G X C /, then 
r o 7r is the first return time of x under / to J. 



2.3. Pressure and Recurrence. A topological, i.e., measure independent, way to 
define pressure was presented in [W]; with respect to the branch partition V\, it is 
defined as 




where <p n (x) := J2k=o V 9 ° f k ( x )- We say that the Variational Principle holds 
if P(ip) = Ptop{^p)- If P> has sufficiently controlled distortion, then the sum of 
su Pa;eC„ e^ 71 ^ over all n-cylinders can be replaced by the sum of e v "^ over all 
n-periodic points, and thus we arrive at the Gurevich pressure w.r.t. cylinder set 
C G Pi. 

P G (^):=limsup-logZ n (^C) for Z n (^C) := ]T e^ x h c (x). 

n— >oo n 

) n x=x 

If (I, f) is topologically mixing and 

(3 n (<p) := sup sup \<p n (x) - ip n (y)\ = o(n), (5) 

then Pci^p) is independent of the choice of C € Pi, as was shown in [FFY]. 

Since the branch partition is finite, potentials with bounded variations are bounded, 
and hence their Gurevich pressure is finite. If (p is unbounded above (whence 
Ptopif) = oo) or the number of 1-cylinders is infinite (as may be the case for induced 
maps F and induced potential <£), Gurevich pressure proves its usefulness. 

Suppose that (I,f,ip) is topologically mixing. For every C € V\ and n ^ 1, recall 
that we defined 

Z n (^C):= ]T e^ x h c (x). 

f n x=x 
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Let 



E 



e^Wlc(x). 



f k x(£C for 6<k<n 




(if) = oo for A = expPc(^). 



(6) 



n 



Moreover, <p is called positive recurrent if it is recurrent and ^2 n nX n Z^{ip) < oo. 
In some cases we will use the quantity 



Proposition 1 of [Sal] implies that if <p has summable variations then for any C, 
Z n ((p, C) = O(Z ({p) n ). Hence Z ((p) < oo implies Pg{<p) < °°- 

Although we do not assume that the potential <p has summable variations, it is 
important that the induced potential has summable variations, as we want to 
apply the following result which collects the main theorems of [Sa3]. We give a 
simplified version of the original result since we assume that each branch of the 
induced system (X, F) is onto X. We refer to such a system as a full shift. 

Theorem 8. // (X, F, <E>) is a full shift and En^i ^i(^) < °°> then $ has an in- 
variant Gibbs measure if and only if Pg(&) < oo. Moreover the Gibbs measure /i$ 
has the following properties. 

(a) // h^ (F) < oo or — f &dfi$ < oo then n$ is the unique equilibrium state 
(in particular, P($) = h^{F) + f x d\i<&); 

(b) The Variational Principle holds, i.e., Pg(&) = P(&)- 

Note that an F-invariant measure [i is a Gibbs measure w.r.t. potential $ if there 
is K ^ 1 such that for every n ^ 1, every n-cylinder set C n and every x £ C n 



Using this theory, the following was proved in [BrT]. 

Proposition 3. Suppose that -ip is a potential with Pg(iP) = 0. Let X be the set used 
Proposition 1 to construct the corresponding inducing scheme (X, F, r) . Suppose that 
the lifted potential ^ has Pg(&) < oo and J2 n ^i ^nC^O < 00 • 

Consider the assumptions: 

(a) Ei^e** < oo for ^ := sup xeX . V(x); 

(b) £/iere exists an equilibrium state fi € A4+ compatible with (X,F,t); 



The convergence of this series is independent of the cylinder set C, so we suppress it in the 
notation. 



z a{v) '■= zZ supe< 



(7) 



1 < Mgn) 

K e *n(*)-nP G (*) 
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(c) there exist a sequence {e n } n C R with e n — > and measures {fi n }n C M.+ 
such that every fi n is compatible with (X,F,t), h fln (f) + / ip dfx n ^ e n and 
P G (^e n ) < 00 for alln; 

If any of the following combinations of assumptions holds: 

J 1. (a) and (b); 
\ 2. (a) and (c); 

then there is a unique equilibrium state ji for (I, f, ip) among measures ji G 
with ft{X) > 0. Moreover, fx is obtained by projecting the equilibrium state fj,^ of 
the inducing scheme and we have Pg(^) = 0. 

In the remaining part of this section, we give some technical results which connect 
different ways of computing pressure and Gurevich pressure. 

We use the following theorem of [FFY] to show the connection between Pg{^>) and 

Theorem 9. If (fi, S) be a transitive Markov shift and ip : £1 — ► R is a continuous 
function satisfying f3 n (ip) = o(n) then Pg(V') = P(V0- 

Corollary 1. If (3 n (<p) = o(n), and (p is continuous in the symbolic metric on (I,f) 
thenP G (0) = P + (v). 

Proof. We show that the system (/ t rans> /> 0) satisfies the conditions of Theorem 9, 
where /trans is given below Lemma 1. For x,y € P with P € P n , we have \(p n (x) — 
0n{y)\ = o(n), and Theorem 9 implies Pci'p) = P {.<£)■ 

It remains to show that P{0) = P+ (</?). By Theorem 7, any measure in M+ lifts 
to /. We also know that a countable-to-one factor map preserves entropy, pro- 
vided the Borel sets are preserved by lifting, see [DoS]. For similar arguments, 
see [Bu2]. Suppose that {fi n }n is a sequence of /-invariant measures such that 
hfin(f) + / d£i n — > P(y?) as n — > 00. Then for the projections fi n = fx n o 7r _1 , 
+ / V 9 d^n - ► P{<P) also. So P+(<p) ^ Pifi)- On the other hand, let 
{/"n}n C .M+ be a sequence of measures such that h lln (f) + / ip d\i n —> P+(</?) as 
n — ► 00. Lifting these measures using Theorem 7, we get hf tn (f) + f<p dfi n — > P+(<£>), 
so P+((f) ^ P(<£) as required. □ 

We next show that Gurevich pressure can be computed from cylinders of any order. 

Lemma 2. Let (fi, /) 6e a topologically mixing Markov shift. If ip : £1 — > R satisfies 
(3 n (<p) = o(n), then Pci'Pi C) = Pai'Pi C) /or any two cylinders C, C 0/ any order. 



Proof. Denote the Markov partition of j into domains D by P. Take D,D' £ T> such 

that C C D and C' C D'. By transitivity, there is a fc-path C C i) -» > B' and a 

/c'-path C' C D' D. Then for every n-periodic point x G C, there is a point 



EQUILIBRIUM STATES FOR POTENTIALS WITH sup <p - ini<p < h top U) 



11 



x' £ C' such that f k> \x') € C n [x], the n-cylinder containing x. Therefore f k ' +n (x') € 
C and fk'+n+k^ £ x i It follows that e Lp ^+"' {x ' ) ^ e Pn+(k+k')sup<p el p n (x) ^ w h ence 

Z n (^C) > e-A.-( fc+fc ') BU PVZ n+fc+fc ,(^,C'). 

Therefore, using /3 ra = o(n), we obtain for the exponential growth rate Pg(v?, C) ^ 
lim n ^ + P G (ip, C) = P G (¥>, C). Reversing the roles of C and C yields P G (92, C) = 
Pg(<P,C). □ 



2.4. Summable Variations for the Inducing Scheme (SVI). In this section 
we give conditions on if and under which (SVI) holds for the inducing scheme. 

Lemma 3. (a) // 

^nV n {if) < oo; 

n 

then (SVI) holds with respect to any inducing scheme. 
(b) Let if be a-Holder continuous and let (X, F, r) be an inducing scheme ob- 
tained from Proposition 1 that satisfies 

n-i 

sup £ < oo, (8) 
* k=0 

Then (SVI) holds w.r.t. that inducing scheme. 



Proof. To prove (a), we apply [Sal, Lemma 3, Part 1]. Note that the results in the 
chapter of [Sal] containing this result are valid if (X, F, r) is a first return map, which 
is not true for our case. However, from Proposition 1, we constructed (X,F,t) to 
be isomorphic to a first return map on the Hofbauer tower, with potential = 92071". 

Since <E>(x) = Y^k=\~ l ^ f k { x ) = Y^kfo^ 1 f k ( x ) f° r eac h x € tt~ 1 (x), both 
the original system and the lift to the Hofbauer tower lead to the same induced 
potential. Therefore [Sal, Lemma 3, Part 1] does indeed apply. 

Now to prove (b), note that F : U;V; -> X is extendible, f n ~ k : f k {Xi) -> X 
has bounded distortion for each ^ k < Tj. Consequently, also f k : Xi — > f k (Xi) 
has bounded distortion. Suppose that \<f(x) — f(y)\ ^ C v \x — y\ a . Since <&(x) = 
SfctTo 1 ^ / fc ( x ) f° r a; G Vj, we get for x, y <G Xj. 

n-i 

|$(x)-$(y)| < E^o/^)-^/^)! 

fc=0 

< Ec v |/ fc (*)-/*(y)| a 

k=0 
fc=0 

where P is the relevant Koebe constant for P. Thus the condition in (b) implies that 
the variation Vi(3>) is bounded. Because P is uniformly expanding, the diameter 
of n-cylinders of P decreases exponentially fast, so if x and y <G Xi belong to the 
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same n-cylinder, the above estimate is exponentially small in n, and summability of 
variations follows. □ 

The following lemma gives conditions on /, under which condition (b) can be used 
for Holder potentials 3 . We say that c G Crit has critical order l c if there is a constant 
C ^ 1 such that ^\x — cf c ^ \f(x) — /(c) | ^ C\x — cf c for all x; / is non-flat if 
t c < oo for all c £ Crit. 

Lemma 4. Assume that f is a C 3 multimodal map with non-flat critical points, and 
let £ max := max{4 : c G Crit}. There exists K = K(#Cnt, £ max ) such that if 

liminf |L>/ n (/(c))| ^ K for all c G Crit, 

then formula (8) ZioWs for every a > anc? every inducing scheme obtained as in 
Proposition 1 on a sufficiently small neighbourhood o/Crit. 

Proof. We will use several results of [BRSS]. First, Theorem 1 of that paper says 
that for any r > 1, we can find Eq > and K = K(#Crit, l mSuX ,r) such that if 
liminf ra |D/ n (/(c))| ^ K for all c £ Crit, then the following backward contraction 
property holds: Given e G (0,£o) and U £ := U ce oit-B(/(c); e) and s G N, if VF is a 
component of f~ s (U e ) with d(W, /(Crit)) < e/r, then |W| < e/r. 

Furthermore, see [BRSS, Proposition 3], we can find a nice set V := U ceC ritK: C 
f~ 1 {U £ / r )i where each V c is an interval neighbourhood of c G Crit and nice means 
that f n {dV) n V = for all n G N. It follows that if W is a component of f- s {V) 
contained in V, then \W\ ^ 7- _1 /^max maXc6Crit \ V C \. 

Proceeding by induction, and assuming that r > 2 is sufficiently large to control 
distortion effects (cf. [BRSS, Lemma 3]), we can draw the following conclusion. Let 
Vq be a component of f~ n (V), Vi := f l (Vo) and let = to < h < ■ ■ ■ < tk = n be 
the successive times that Vt C V. Then [V^. | ^ 2?~ k max cgCrit \V C \. 

Additionally, Mane's Theorem implies that there are A > 1 and C > (depending 
on V and / only) such that \Vi\ ^ CA - ^'^ \V tj | for tj-i <i <tj. Therefore 

n k rro k 

Y\Vi\ a <yy c a x~ ma \v t r ^ — - — y 2-^ a max \v c \ a . 

i=0 i=0m>0 j=0 

This implies the lemma. □ 



3. Tail Estimates for Inducing Schemes 

In the following lemma, we let X C /trans be a cylinder in 7r~ 1 (7- , jv) V T> compactly 
contained in its domain. This cylinder set corresponds to an iV-path q: £)—►■••—> 
Dn ml. The first return map to X is the induced system that we will use. 



^In Lemma 4 we take inducing schemes on a union of intervals. As in Section 2.1, transitivity 
implies that this result passes to any single sufficiently small interval. 
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The growth rate of paths in the Hofbauer tower is given by the topological entropy. 
Clearly, if we remove X from the tower, then this rate will decrease: we will denote 
it by hf Dp (f). If X is very small, then hl op is close to htop(f), so (1) implies that 
sup tp — inf (p < h\ ap for X sufficiently small. Note that we can in fact take X to be 

the type of set, a union of domains in /, considered in [Brl]. We will use this type 
of domain in Section 5. 

Proposition 4. Suppose that V n (ip) — > and let i\) = <p — Pg(0,X). If X G Vn is 
so small that 

sup^-inf^ < h* top , 
then there exist C, 7 > such that Z*(ij),X) < Ce" 7n . 

Proof. We will approximate Z*(tp,X) by adding the weights e^ n ~ l( ^ of all n — 1- 
paths from f{X) to X in the Hofbauer tower with outgoing arrows from X removed. 
By removing these arrows we ensure that these paths will not visit X before step n, 
so we indeed approximate Z*(<p,X) and not Z n (<p,X). In considering n — 1-paths, 
we only miss the initial contribution e^'x in the weig ht e^™( £ ) for x = f n (x) G 
X, so it will not effect the exponential growth rate Pq(<p,X) of Z*(ip,X). Since 
Z*(ip,X) = e~ nPG ^' X ^Z*({p,X), the proposition follows if we can show the strict 
inequality Pq(<p,X) < Pa{<p,X). 

Remark: It is this strict inequality that is responsible for the discriminant £>f[v] 
in Section 5 being strictly positive. 

The rome technique: We will approximate the Hofbauer tower by finite Markov 
graphs, and use the following general idea of romes in transition graphs from Block 
et al. [BGMY] to estimate Z*(<p, X). Let Q be a finite graph where every edge i — > j 
has a weight Wij, and let W = (wij) be the corresponding (weighted) transition 
matrix. More precisely, Wij is the total weight of all edges i — > j, and if there is no 
edge i — ► j, then Wij = 0. 

A subgraph 1Z of Q is called a rome, if there are no loops in Q \ 1Z. A simple path 
p of length l{p) is given by i = io — ► i\ — > • • • — ► ii( p ) = j, where i,j G 1Z, but the 

intermediate vertices belong to Q \ TZ. Let w(p) = Ilfc=i w ik-i,ik ^ e weight of p. 
The rome matrix A rome (x) = (a^ j(x)), where i,j run over the vertices of TZ, is given 
by 

a hl (x) = J2HpW~ Kp \ 
v 

where the sum runs over all simple paths p as above. (Note that with the convention 
that x° = 1 for x = 0, A rome (0) reduces to the weighted transition matrix of the 
rome TZ.) The result from [BGMY] is that the characteristic polynomial of W is 
equal to 

det(W - xl w ) = (-xf G ~* n det(^l rome (x) - xI rome ), (9) 
where Iw and I rome are the identity matrices of the appropriate dimensions. 
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In our proof, we will use fc-cylinder sets as vertices in the graph Q, and we will take 
w(p) = e^'(p)^ for some x belonging to the interval in I that is represented by the 
path p. 

Choice of the rome: Fix a large integer k. The partition Vk is clearly a Markov 
partition for the Hofbauer tower, and its dynamics can be expressed by a countable 
graph (V k , ->), where P —> Q for P,Q £ V k only if f(P) D Q. Choose R > k (to 
be determined later). Given a domain D of level R, from all the P-paths starting at 
D, at most two (namely those corresponding the the outermost P-cylinders in D) 
avoid Ir. Any other P-path from D has a shortest subpath D Z)' where 

both I? and P/ G Jr. Let us call the union of all points in / that belong to one of 
such subpaths the wig of Ir. 

The vertices of the rome TZ are those cylinder sets P G Vk, P X , that are either 
contained in domains D G T> of level < R, or that belong to the wig. We retain all 
arrows between two vertices in TZ. Let A-ji be the weighted transition matrix of TZ. 
For each arrow P — > Q, choose x G P such that /(£) G Q, and set = e^( x ). 

Let be the leading eigenvalue of the weighted transition matrix. The pressure 
Pq(<P) is approximated (with error of order Vk(ip)) by logp^. 

The graph (TZ, — ►) is a finite subgraph of the full infinite Markov graph (Vk, —*)■ We 
will construct two other finite graphs (Qo, — >) and (£?i, — >) both having 7^ as a rome, 
and minorising respectively majorising ('Pfc, — >) in the following sense: For each path 
in (C/o, — 0, including those passing through X, we can assign a path in (Vk, — of 
comparable weight, and this assignment can be done injectively. Conversely, for each 
path in (Vk,— > ) ! except those passing through X, we can assign a path in (£7i,— >) 
of comparable weight, and this assignment can be done injectively. 

As TZ is a rome to both Qq and Q\, we can use the rome technique to compare the 
spectral radii po and p\ of their respective weighted transition matrices Wq and W±. 
By the above minoration/majoration property, we can separate e p c^ from e p °^ 
by po and p\, up to a distortion error. By refining the partition of the Hofbauer tower 
into /c-cylinders, i.e., taking k large, whilst maintaining the majoration/minoration 
property, we can reduce the distortion error (relative to the iterate), and also show 
that po < Pi- This will prove the strict inequality Pq(0) < Pg{^p)- 

The graph Qq\ First, to construct Go, we add the arrows P — > Q for each P G Vk<~)X 
and Q G Vk such that /(P) D Q. The weight of this arrow is e^ x ^ for some chosen 
x G P. Let VFo be the weighted transition matrix of Qq. It follows that its spectral 
radius is a lower bound for e p °^\ up to an error of order e Vk ^\ Furthermore, the 
number of n-paths in TZ is at least e n ^ htop ^~ 6R \ where Er — > as R —> oo, cf. [H2]. 
Since each arrow has weight at least e inf< ^, we obtain 

e fctop(/)+infV-*fl ^ pQ ._ p{w ^ ^ e Pa^)+v k {^)_ ( 1Q ) 

Let L be such that / L (vr(A > )) D P 

Let v = (vp)p G p k be the positive left unit eigenvector corresponding to the leading 
eigenvalue pn of An. Recall that for each Rq G N and Del there are at most two 
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Po-paths from D leading to domains of level > Po- Each such path corresponds 
to a subintervals of D adjacent to dD, and although this subinterval may consist 
of many adjacent cylinder sets of j maps them monotonically onto adjacent 
cylinder sets of Pk-R - Therefore 

E E = i E E 

Pev k 

— 2e supi P R o~ RoPG (& < 2 e - R °( su P'< 5 ~ inf <P- h to P (f)) 

independently of k. Since sup 99 — inf (p — h top (f) < 0, we can take Po so large, 
independently of k, that for every x € / , 

J2 VQ<^mm{vQ:QeV k nf L (X),7r(Q)3x}. (11) 

Q€V k , tv(Q)3x 
lcvol(Q)>fl 

The idea is now to offset all contributions of n-paths starting from level > Po to 
Z*(ip,X) by the contribution of n-paths starting in f L (X) to Z n (ip,X). Let N ^ L 
be such that there is an iV-path from X to every Q of level ^ Po • Then 



(vW N ) > (viAg + e-™***)) 



J {pl + e-^^K)v^ iflevel(QKP , 
" 1 Pk v q if level (Q) >P , 1 ' 

where k := minjt;^ : Q G "P/j maxDg, and A a nonnegative square matrix 

with some Is in the rows corresponding to P G P& PI j(X) in such a way that the 
column corresponding to each Q with level (Q) ^ Po has at least one 1. The fact 
that k > uniformly in the order of cylinder sets k rests on the following claim, 
which is proved later on: 

min VqI max Vq > uniformly in R and k. (13) 
By the choice of L, Ro (see (11)) and N, 

QeP fc ,iovoi(Q)>R Q&V k nf L {x) 

for each P with level (P) ^ Po- When we apply Wq to (12) once more, the compo- 
nents vq with level (Q) ^ Po have increased by a factor + e~ mf ^ N K, whereas by 

(14), the components Vq with level (Q) > Ro combined amount to at most half the 

weight of the components Vq with Qe^fl f L (X). Therefore, we can generalise 
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(12) inductively to 

rNm 

)q 



> f (f% + K ) m v ifIevel(Q)<i2o, 

" 1 p% m VQ if level (Q) > R , 



for all m ^ 1. It follows that 

E i(^ + ^ mf ^-r^ < E 

lovol(Q)^Ro lovol(Q)sg_R 

-» « E 

levol(Q)sg_Ro 

for some a < oo and w; the left unit eigenvector corresponding to the leading eigen- 
value po °f Wo . This implies that 



Po>(Pn + l^ ini ^ N K) 1/N whence Po > pn + «' (16) 
for some «' = «'(«, TV, <£, i? ) > 0, uniformly in R ^ i? an d fe G N. 



The graph C/i: For each P G 7\ n 7J where 7J has level i?, consider all i?-paths 
p : P Q that avoid these are not included in (72., — >). From each 7J of 

level i?, there at most 2 such 7?-paths avoiding Jr, corresponding to i?-cylinders in 
D. These two /^-cylinders are contained in two fe-cylinders in D. For each such k- 
cylinder P {i.e., vertex in (Pfe, — ►)), and each Q G Vf : r\f R (7r(P)), choose Q G P^DIr 
and attach an artificial i?-path with R — 1 new vertices and a terminal vertex Q. 
Assign weight w(p) = e Rsnpi ^ to this path. Therefore, if / is d-modal, the number of 
vertices added to Ir is therefore no larger that 2d(R — 1). Call the resulting graph 
Gi and W\ its weighted transition matrix. 

Any n-path in the Hofbauer tower that leaves Ir for at least R iterates can be 
mimicked by an n-path following one of the additional i?-paths in Q\. But n-orbits 
visiting X are still left out. It follows that this time, the leading eigenvalue estimate 
exceeds the exponential growth rate of the contributions of all n-periodic orbits in 
the Hofbauer tower that avoid X. Since the error of order e Vk ^ still needs to be 
taken into account, we get 

Pl :=p(W 1 ) ^ e p G^)- v ^). (17) 

On the other hand, we can use (9) to deduce that 

det(Wi - xI Wl ) = (-x)* Gl -*' IZ det(Ai(x) - xl n ), (18) 

where the rome matrix A\(x) equals An, except for new entries wp q ^ g-Rsup^i-fl 
for the 7?-path added to the rome. These paths correspond to /^-cylinders, at most 
2 for each of the d domains of level R, and since R^k, there are at most 2d paths 
with initial vertices P G Vk, each with at most #7^ terminal vertices Q. In other 
words, A\(x) ^ An + x 1 ~ R e Rsnpi ?Ai, where Ai is a square matrix with at most 
2d non-zero rows (corresponding to initial vertices P) and zeros otherwise. Formula 
(18) shows that p\ is also the leading eigenvalue of A\{pi). 



EQUILIBRIUM STATES FOR POTENTIALS WITH sup <p - inf tp < h top (f) 17 

Although matrices An and p\~ R e Rsnp ^Ao depend both on R and k, at the moment 
we will only need k so large that 

V k ^ a := l - (h* top (f) - (su P(/ 3 - inf 0)) (19) 

and hence suppress the dependence on k until it is needed again. 

We first give some estimates necessary to apply Lemma 6 below with Ur = An and 
Vr = p\~ R e Rsnp ^ A\. The 'left' matrix norm (which is the maximal row-sum) of Ai 
is ||Ai|| := sup||„|| 1=1 \\v Ai||i = #Vk, and therefore (using also (17)) we obtain 

|| p l-Ji e Bup# Ai || ^ #Vkf) i-R e Rsu P 

^ #-p ke R ( su P<f- P G(&+ V k(<t)) 

< #-p k e R (.™P'P- i rfv- h *to P (f)+Vk(<p)) <j #p ke - aR 

for a > Vk(0) as in (19). The entries of (A^)p ^ indicate the sum of the weights of 
all m-paths from P to Q. For each Q G Pk, the sum 

J2 e sup ^P s$ #{components of vr(P) n r m (Q)} e supipml ^ p ), 

tt(Q)CQ paths P^Q 

which has exponential growth-rate pn. Therefore the left matrix norm \\A^\\ < 
pm e rjm £ Qr some ^ _ rj^R^ k) with lim^oo r](R, k) = for each fixed k. 

If v' is the positive left eigenvector of Ai(p\), corresponding to pi and normalised 
so that || v' ||i := J2i Kl = 1) then 

II / II II If A I \mi|l/ m 

Pi = \\v pi\\i = \\v (Ai(pi) (I/ 

= \\(A n + p 1 1 - R e Rsup ^A 1 ) m \\ 1 / m 

^ p n (l + \\An\\e mf > {R > k) ) llm - Pn e^ R ' k) as m -> oo, (20) 
where fj(R, k) comes from Lemma 6. 
Using (20) and (16) we obtain 

Pi <,pne^ k) ^ e^ R > k \ Po - k') 

By claim (13), n' > uniformly in R and k, and by Lemma 6, we can choose R large 
(and hence f](R,k) small) to derive that p\ < po- It follows by (10) and (17) that 

e p G &)+v k (0) >Po>Pl> e Ph®)-vm. 

so taking the limit k — > oo, we get Pg{<£) > Pfji^p) as required. 

Proof of Claim (13): We start with the uniformity in R, i.e., the level at which 
the Hofbauer tower is cut off. Recall that we assumed that X is so small that 
supy3 — inf (p < ht op . The leading eigenvalue pn of An satisfies pn ^ e p G^~ Vk ^~ £R 

(see (10)), because 1Z is a subgraph of the Hofbauer tower with X removed. For any 
r and any domain D € I, there are at most two r-paths ending outside I r . Therefore 
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if P, Q € Vk where Q is contained in a domain D of level ^ r, the P, Q-entry of 
is at most 2e rsup¥ \ Thus we find for the left eigenvector v 

p r n E v q= E (^)q < 2ersup0 E < 2ersup ^- 

QeV k nD QeV k nD P<=v k 
It follows that 

v ^ 2e r ( sup ^ p <3^ +Vfc< ^ +e - R ^ ^ 2e r(sup ^~ inf ^ _/l top^) +y fc^) +£ «) 

is exponentially small in r. There are at most 2d domains D of level r, which implies 
that 2~^i ovo i(Q)> r w p is exponentially small in r, and this is independent of R ^ r, and 
of how (or whether) the Hofbauer tower is truncated. 

Next take vq so large that J2 level /Q\ >rQ vp < ^ irrespective of the way the Hofbauer 
tower is cut, and such that X belongs to a transitive subgraph of I ro . Therefore 
there is r' such that for every domain D of level(-D) ^ tq and every Q G Vk H D, 
there is an r -path from Q to X. Hence the Q,P entry in is at least e r o mf( ^ for 
every P 6 fl 1 . Since v = v(p^-A-ji) r 'o, we find 

E v p >^e^ £ v Q >\p-^e^ 
Pev k nx QeV k ni ro 
independently of R ^ r$. 

Now we continue with the uniformity in k. This is achieved by analysing the effect of 
splitting of vertices of the transition graph into new vertices, representing cylinders 
of higher order. We do this one vertex at the time. 

Let W be a weighted transition matrix of a graph Q. Given a vertex g € Q, we can 
represent the 2-paths from g by splitting g as follows (for simplicity, we assume that 
the first row/column in W represents arrows from/to g): 

• If g -> Wl>bl h,9 -^i,6 2 b 2 ,---,9 - > wi, 6m b m are the outgoing arrows, replace 
g by m vertices g 1 ,...,g m with outgoing arrows g x -> Wl>bl h,g 2 ~^w hb2 
b 2 , ■ ■ ■ ,g m —>w! bm b m respectively, where wi,bj represents the weight of the 
arrow. 

• Replace all incoming arrows c —> Wc ,i 9 by m arrows c —* Wc ,i 9i-> c ~ *w c ,i 
g 2 , . . . ,c —*w c ,i 9m, all with the same weight. 

• If g — > g was an arrow in the old graph, this means that g\ will now have 
m outgoing arrows: g 1 g 1} gi g 2 ,...,g 1 g m , all with the 
same weight. 

Lemma 5. IfW has leading eigenvalue p with left eigenvector v = (v±, . . . ,v n ), then 
the weighted transition matrix W obtained from the above procedure has again p as 
leading eigenvalue, and the corresponding left eigenvector isv = (vi, . . . , vi, v 2 , . . . v n ). 

S v ' 

m times 

Proof. Write W = (wij) and assume that wi^i / 0, and the other non-zero entries 
in the first row are wi^ 2 , . . . , wi^ m . The multiplication vW for the new matrix and 
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(Vl, . . . ,Vl,V2, ■ ■ ■ V n ) 



rn times 



W 2 ,l 
™3,1 



\ W. 



n,l 



Wl,l 









w 2 ,i 

W3,l 



Wi 5 6 2 



w 1>bm 



W 2 ,2 
W 3 ,2 



n,l Wn,2 



\ 



W 2 - 



w 



n.n / 



A direct computation shows that this equals pv. Since v is positive, it has to belong 
to the leading eigenvalue, so p is the leading eigenvalue of W as well. The proof 
when w± i = is similar. □ 



The effect of going from Vk to Vk> for k' > k is that by repeatedly applying Lemma 5, 
the entries vp for P G T>k have to be replaced by #(Pfl Py) copies of themselves 
which, when normalised, leads to the new unit left eigenvector v. If 7r(P) C tt(Q), 
then the number of /c'-cylinders in P is less than the number of /c'-cylinders in Q. 
Since / contains a finite number of fc-cylinders, there is C = C(k) such that #(P n 
V v ) < C#(Q n V k ') for all P,Q £ V k and k! > k. When passing from V k to V k >, we 
also need to to adjust the weight e^ x ^ for x € P G V k slightly, but this adjustment 
is exponentially small since V k '{0) — > 0. It follows that min^ g ^ ,nf L (x) v pl maxv p 
is uniformly bounded away from 0, uniformly in A;'. □ 



We finish this section with the technical result used (20). 

Lemma 6. Let {U n } ne fq, {V n } n ^fq be positive square matrices such that p n ^ 1 is 
the leading eigenvalue of U n . Assume that there exist M < oo, r £ (0,1) and a 
sequence {%}fc G N with r\ k J. as k — > oo suc/i that for all n 

||C/ n || < M, ||E/*|| ^ p^e fc% and \\V n \\ ^ Mr n , 

Then there exists a different sequence {fj n } n ^ with f} n —* as n — > oo such that 

\\(U n + V n y\\^(l + e^)pi. 

In particular, the leading eigenvalue of j^(U n + V n ) tends to 1 as n — > oo. 

Remark 3. Although this lemma works for any matrix norm, we need it for \\U\\ = 
sup||„|| 1=1 ||u?7||i, i.e., the maximal row-sum ofU n . Note that we do not assume that 
all U n have the same size (although U n and V n have the same size for each n). 
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Proof. Note that U n + V n is a positive matrix and so its leading eigenvalue is equal 
to the growth rate lim^oo i log \\(U n + V^) J '||. We have 

(u n + v n y= ]T uz i v« 1 ...u*v*, 

\p\+\q\=j 

where p = (pi,...,p t ), q = (<?i, • • • , <?t) and \p\ = J^Pi and \q\ = T,Qi- More 
precisely, the sum runs over all t £ {1,..., [j/2]} and distinct vectors p, g with 
Pj,<Zi > (except that possibly p\ = or q t = 0). Let us split the above sum into 
two parts. 

(i) li \q\ > ej, then each of the above terms can be estimated in norm by 

II £4 II w ||v; || M < M j (r n ) £j = (MT £n y. 

Since there are at most 2 3 such terms, this gives 



|p|+kl=j 

M>ej 



< (2MT £n ) j . 



(21) 



(ii) If (gi, . . . , gt) satisfies |<7| ^ ej, then there are at most t — 1 ^ \q\ indices i with 
Pi ^ N and at least one index i with > TV, where TV < l/(2e) is to be determined 
later. The norm of each of these terms can be estimated by \\IJP 1 \\ 
where the factors 



|[/Pt||MM r «l9l 



pPi e VNPi if Pi> N, 
M N if Pi ^ /V. 



So the product of all these factors is at most p J n e 1]N ^ M £ ^ N . Using Stirling's formula, 
we can derive that there are at most 



E 

t=0 



Lei J . 



iv-? 



1 \ (l-e)i 



1 



< e 



possible terms of this form. Combining all this gives an upper bound of this part of 
]T U5 L V« 1 ...U*V* ^e^fy n e^ Nj M £jN {MT n ) £j . (22) 



bl + l<?l=j 



Adding the estimates of (21) and (22), we get 

\\(U n + V n ) j \\ ^ (2Mr £n y + e^V„e w M £fi (Mr") g 

Now take N = ni and e = n~2 (so indeed N < l/(2e)) and n so large that 
Mr" < 2Mr v/ " ^ 1. Then we get 

\\{u n + v n y\\ ^pL(i + e^- 1/4+ ^ +n - 1/4l °^) . 

The lemma follows with fj n = (n -1 / 4 + f] n i/4 + n -1 / 4 log M). □ 
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4. Proof of Theorem 4 



The following is [BrT, Lemma 3]. 

Lemma 7. For every e > 0, there are R G N and 17 > swc/i £/taf if fj, E M erg 
has entropy h^f) ^ e, then fj, is liftable to the Hofbauer tower and (i{Ir) ^ rj. 
Furthermore, there is a set E, depending only on e, such that fi(E) > rj/2 and 
mm DeVn}R d(EnD,dD)>0. 

The following lemma will allow us to implement condition (c) in Proposition 3. 

Lemma 8. There exist sequences {e n }n C M - with e n — > and {/U n }n C A4+ so 
i/iaf h fln (f) + J tp dfi n ^ e n . Moreover, there exists a domain X compactly contained 
in some D G V so that fi n (X) > 0. 

Proof. First notice that by the definition of pressure, there must exist sequences 
{e n } n C M~ with e n -»■ and {,u n } n C A4 er9 so that ^ Mn (/) + / ^ dfj, n ^ e n . By 
(2), there exists e > so that we can choose h^ n (f) > e and {/^ n } n C A4 + . Now by 
Lemma 7, we can choose X compactly contained in some D G X> and a subsequence 
{"fc}fc with fi nk (X) > for all fc. □ 

Proof of Theorem 4- Take ^ := <p — P((p). By the remark below (2) and Corollary 1, 
we have P(y>) = P+i^f) = Pg(<p)- Notice that V n (ip) — > implies that (3 n (<p) = o(n) 
and is continuous in the symbolic metric on (I, /). 

Take X C /trans compactly contained in its domain in the Hofbauer tower and 
satisfying the statement of Lemma 7. By Proposition 4, there are C, n > such that 
Z*(4>,X)<Ce-^. 

We denote the first return time to X by rg, the first return map to X by := f r x 
and the induced potential by \l/ := Vv^- We will shift these potentials, defining 
ipS --?p-s. Then ^ 5 = #-SV^. Since P G (4>) = and therefore Z n (^,X) < e o( - n \ 
we can estimate Zq from (7) for S > —rj as 

ra 7\£.(ai)=n n 

^CY,e n{ ~ S - v) Zn(4>,X) 

n 
n 

Since Pg{4 > ) = 0, this implies that Pg(^ S ') < 00 f° r all S > —n. In fact, it also 
shows that (a) of Proposition 3 holds. We let S* ^ — rj < be minimal such that 
P G (* 5 ) < oo for all S > S* . 

We can prove precisely the same estimates for the map F = f T , where r = 07r l 
and the potential $ = tp T . That is, for all S > S*, Pg{^ S ) < oo and (a) of 
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Proposition 3 holds. By Lemma 8, item (c) of Proposition 3 holds. Therefore, 
Case 2 of Proposition 3 implies that there exists a unique equilibrium state fj,^ with 

M x ) > 0. 

To show that is the unique equilibrium state over /, we assume that there is another 
equilibrium state //. Let ft' be the corresponding measure on / from Theorem 7. 
We now use the fact that fi is positive on cylinders. This follows firstly by the 
Gibbs properties of the measures obtained for (X, F, fi), and then by the transitivity 
of (I,/) and (Itrans,/)- Thus there exists some cylinder X' in the Hofbauer tower 
which has fi(X'), fi' (X') > 0. 

We can use the above arguments to say that the corresponding inducing scheme 
(X',F',^/') satisfies (a) of Proposition 3. But since ^ is an equilibrium state 
compatible with (X',F'), also (b) is satisfied. Therefore, Case 1 of Proposition 3 
completes the proof of uniqueness. 

Finally we note that ^{t > n} decays exponentially in n, since by the Gibbs 
property there is C ^ 1 such that 

Mir >n})=J2 ^CJ2^ = CJ2 Z* k {^X). 

By Proposition 4, the latter quantity decays exponentially, as required. □ 



5. Analyticity of the Pressure Function 

In this section we prove Theorem 6. Throughout, let ip t = — t log \Df\. Let X C I 
and (X, F, r) be an inducing scheme on X where F = f T . As usual we denote the 
set of domains of the inducing scheme by {Xi}^. Define a tower over the inducing 
scheme as follows (see [Y]) 

A=\J T [](X i ,j), 

ieN j=o 



with dynamics 



(x,j + 1) if x € Xi,j < n - 1; 

if x € Xi,j = n - 1. 



For i 6 N and ^ j < Tj, let Ajj := {(x,j) : x G Xi} and A; := UieN * s called 
the l-th floor. Define the natural projection 7ta : A — > X by tt^^x, j) = f 3 {x). Note 
that (A, /a) is a Markov system, and the first return map of /a to the base Ao is 
isomorphic (X,F,t). 

Also, given ip : I — > R, let Va : A —>■ R be defined by i/)A{x,j) = Then 
the induced potential of V'A to the first return map to Ao is exactly the same as the 
induced potential of ijj to the inducing scheme (A", F, r). 

The differentiability of the pressure functional can be expressed using directional 
derivatives + sv) . For inducing scheme (A", F, r), let and v& be the 
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lifted potentials to A. Suppose that for ip A '■ A — > R, we have (3 n (tpA) = o(n). We 
define the set of directions with respect to ^: 

oo 

< oo, (3 n (vA) = o(n), ^2 V n (T) < oo, and 

n=2 

3e > s.t. Pg(iPa + sv A ) < oo V s G (-e,e) j, 

where T is the induced potential of v. Let ip s := — S (and so ^ 5 = * — St). Set 
PfIV'] := m f{5 : Pg{^ S ) < oo}. 4 If p* F [ip] > — oo, we define the X -discriminant of 
V> as 

S) F M := sup{P G (^ s ) : S > pJ.[V>]}< oo. 

Given a dynamical system (X,F), we say that a potential ^ : X — > R is weakly 
Holder continuous if there exist C, 7 > such that 

KW < Ci l for all n ^ 0. (23) 
The following is from [BrT, Theorem 5]. 

Theorem 10. Let f G Ti be a map with potential (p : I — > (—00,00]. Suppose that 
if satisfies condition (5). Take ip = ip — P {<£>). Then DfW\ > if and only if 
(X,F,(j,\$) has exponential tails. 

We are now ready to prove Theorem 6. In this, and the proofs in the sequel, we 
write A n x B n if ^ — > 1 as n — > 00. We also write A if there exists a 

distortion constant K € [1, 00) so that j^A ^ £> ^ 

Proof of Theorem 6. We fix (X,F) as in Proposition 1. Lemma 5 implies that we 
have exponential tails for the equilibrium state associated to the constant potential 
V> = —htop(f), i.e., there exist C, rf > such that 

»-T htop (f){n = n}<Ce-« n . (24) 

Hence Theorem 10 implies that we have positive discriminant. We can then apply 
the arguments of the proof of [BrT, Theorem 5] to show that for v <G Dir(—htop(f)), 
there exists e > such that t 1— > P(—ht op {f) + if) is analytic. 

Therefore, in order to ensure analyticity here we must prove — log \Df\ € Dir(—htop{f))- 
It follows from [BrT, Lemma 7] that this potential has Ysn=2 K»(— log |-D.F|) < 00, 
and [Pr] gives sup Mg _ A/(+ |/log \Df\ dfx\ < 00; so it only remains to prove that there 
exists e > such that Pg{(— htop(f) — t log |-D/|)a) < 00 for t € (—£,£). Since 
PG((-hto P (f) - Hog \Df\) A ) < P G (-rh top (f) - tlog \DF\), by Abramovs Theorem 
it suffices to bound Pci—Thtopif) — tlog \DF\). As in Section 2.3, Zq($) < 00 im- 
plies Pg(&) < oo- In the following calculation we use the fact that for all e > 



DirF^ip) '■- 



v : sup 



v d/j, 



'Note that we use the opposite sign for p* F [ip] to Sarig. 
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there exists C £ > so that #{t; = n} < C e e r ^ htop ^ +£ \ see the discussion at (29). 
For < t < 1, choose < e < (r=t) hfop(f)- Using the Holder inequality, 

Z (-rh top (f) - t log x dis £ e -«W/) £ g-tioglDF.I 



Ti=n 

^E e_nfttop(/) Ei^i* 



^^ e -»^(/)^ ^ (#{r, = n}) 

n \Tj=n / 

^ C £ 1_ * ^ e n(-h top (f)+(l-t)(hto P (f)+e)) 
n 

= ci- t j2 en( ~ thtopif)+il ~ t)£) < °°- 



i-t 



(For further explanation of these calculations see [BrT, Section 5 ].) 
For t < 0, first notice that by the Gibbs property of jJ-- T h top {f) 

»-Th top (f){T = n} x e- nh <°M Yl 1 = e~ nh ^#{n = n}. 

T~i=n 

Hence, by (24), 

e -nh top (f)#{ T . = n }<: Ce-w. (25) 
Since \Xi\ ^ \X\e~' yTt for 7 := log sup \Df\, we have 

Z (-rh top (f)-t\og\DF\) x dis -Lj] e -»^ ^ 

I I n Ti=n 

n 

< OO, 

n 

if t7 + 77 > 0. Hence there exists e > so that — log \Df\ € Dir(—h top (f ) — e). 

It remains to show existence and uniqueness of equilibrium states. By (25), we have 
for t ^ 0, using the Holder inequality again, 



Z (-tlog\DF\ - rPfo*)) £ e -^<<*> ]T e-'^l^l x*. £ e -»*(<*> £ ^ 

n Ti=n n Ti=n 

n \r»=n / 

^ ^j-g-n/itopC/)^!^ = n}] 1 ~ t e~ n ^ p ^~^ 1 ~ t ^ htop ^ 

n 

< CVe"(( 1 - i '(' lto '( / '-''- p ^". 

n 

Since P(ft) — * htop(f) as t ^ 0, for all small i we have (l — t)(ht p(f) — Tj') — P(ft) < 
0. Hence Zq(— i log |-D-F| — rP(ipt)) < °o for small positive i. 
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For t < 0, we use a similar computation as before: 

Zo(-t\og \DF\ - rP(^)) x dis £ e_nP( ^ E e-* lo sl^l 

n Ti=n 

n T»=n 
^^ e -n(P(^)+t 7 ) #{r . =n} 

n 

n 

where we use the fact that for all e > there exists C e > so that #{rj = n} < 
C £e n(/ ltop (/)+£)_ Since p(^ t ) > h top (/) W e can ensure that tj+P{<pt)-h top (f)-e > 
for all i close to zero. Hence Zo(— t log |-D-F| — rP{<pt)) is finite for all i close enough 
to zero. 

This implies that for t in a neighbourhood of 0, Pg{— t log \DF\ — rP((pt)) < oo. 
Similarly property (a) of Proposition 3 holds, and thus we can apply Case 2 of that 
proposition to get existence of an equilibrium state \x. This is the unique equilibrium 
state among those that can be lifted to (X, F). Following the argument in the proof 
of Theorem 4, we have that \x is the unique global equilibrium state as required. □ 



6. Necessity of the Condition sup<£ - inf 99 < h top {f) 

In this section we show the importance of the condition (1) for the existence and 
uniqueness of equilibrium states obtained by inducing methods. 

Hofbauer and Keller gave an example, originally in a symbolic setting [HI] and later 
in the context of the angle doubling map on the circle [HK], which showed that 
(1) is essential for their results on quasi-compactness of the transfer operator. In 
Section 6.1, we discuss how that example fits in with our inducing results. The 
Hofbauer and Keller example uses a non-Holder potential, so it is natural to ask if is 
really the lack of Holder regularity which causes problems in obtaining equilibrium 
states. In Section 6.2, we provide an example of a family of Holder continuous 
potentials which, if a member of the family violates (1), then the equilibrium state 
is not obtained from any inducing scheme with integrable inducing time. 

We note here that these Markov examples are often modelled by the renewal shift, 
see [Sa2] and [PeZ]. That approach uses a rather different partition to the one we use 
in this paper, and so does not elucidate our theory. However, the inducing schemes 
we use and the ones that [Sa2] and [PeZ] get from the renewal shift are the same. 

6.1. Hofbauer and Keller's Example. As mentioned in Theorem 1, potentials 
<p € BV satisfying sup if — inf if < h top {f) have equilibrium states; in fact Hofbauer 
and Keller [HK] show that this equilibrium state is absolutely continuous w.r.t. to 
a i^-conformal measure, and that the transfer operator is quasi-compact. They also 
present, for the angle doubling map f{x) = 2x (mod 1), a class of potentials ip to 
show that (1) is essential for these latter properties. This map / was inspired by 
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an example based in [HI] based on the full shift a : {0, 1} — > {0, 1} , showing that 
Holderness of potentials is essential to obtain the results from [Bo] . 

We demonstrate how this class of examples fits into the framework of our paper. 
Fix K ^ and let b < 0. Let 

oo 
fc=0 

where 

J b fov0^k<K, 
ak:= \ 21og(|±i) for k>K. 

Also let s n = Efc=o a k- Since the Dirac measure 5q at the fixed point has free energy 
hso(f) + ¥>(0) = 0) the pressure P(<p) ^ 0. Figure 1 summarises the results of [HI] 
and the example in [HK] that are relevant for us. 





Pressure 
P(<P) 


a Gibbs 
measure 


ip has a 
unique equi- 
librium state 


E k e Sk > 1 


J2k ak < oo 


P{y) > 


yes 


yes 




P(f) > o 


no 


yes 


£*e a * = l 


J2k( k + l Y Sk < 00 


P(p) = 


no 


no 


Efc(fc + l)e'*=oo 


P(<p) = 


no 


yes 






P(^) = 


no 


yes 



Figure 1. Summary of results in [HI]: Equation (2.6) and Section 5. 

. Notice that if 



Define the inducing scheme (X,F) where X = (^,1] and F : \J n X n — > X is the 



first return map to X where for n ^ 1, X n := (J^ + 2 n 1 , ^ + 2 n 
we denote = : #orb(x) fl J = oo}, then ii{X°°) = 1 for every measure in 

Merg \ {*()}• 

In [HK], it is important that b is chosen so that —b > h top (f) = log 2, but for our 
case we allow b to vary. 

Lemma 9. For all K ^ 2 there exists bx < — log 2 suc/i i/iai 

• b > bx implies P(<fb,K) > and there exists a unique equilibrium state which 
can be found from (X, F) ; 

• b ^ bx implies P(<fb,K) = and the unique equilibrium state is the Dirac 
measure So on 0. This cannot be found from (X,F). 

Moreover, bx — > — log 2 as K — > oo . 
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Proof. Firstly, we compute 

{nb if n ^ K, 

Kb + 2 log ($)) = Kb + 2 log (Zg) if n > K. 

As in [HK], we can estimate 

X>*" - fy* +«*» E < ^ (w) + + D- <*) 

For 6 < — log 2 the first term is strictly less than 1 for all K and the second term 
tends to zero as b — > — oo. Hence if we fix if, then we can find bx such that 
J2 n eSn ^ 1 for 6 ^ 6x (with equality if and only if b = bx), and Figure 1 shows 
that P((f) = 0. Alternatively, by fixing b < — log 2 and taking K large enough we 
have P(ip) = 0, and in fact bx — > — log 2 as if — > oo. A computation similar to (26) 
shows that £ n (ra + l)e s ™ ^ C£ n> ^(n + 1 )(fjr) 2 diverges. Whenever P(p) = 0, 
Figure 1 shows that 5q is the unique equilibrium state. 

We next show what P{ip) = or P(<p) > imply for obtaining the equilibrium state 
from the inducing scheme. As usual, we set ip := ip — Pg(<£>). Notice that V n {^) = 0, 
so clearly we have summable variations. Also notice that for x <G X n , 

(n—1 /hi ] \ \ 
n (ft2 j J = - np ^ - 2 iog ( n + 

Therefore 

oo oo oo - n P((f) 

n=l n=0 n=0 ^ U L > 

because P{f) ^ 0. So as in Section 2.3 this means that Pg(*) < oo. Thus Theo- 
rem 8 yields a Gibbs state /i^. Similarly to the calculation above, we can show from 
the Gibbs property of ^ that 



/ 



oo 



e-^M log(n + l) 

n=0 ^ ' 



for P(y>) ^ 0. Therefore, fiq, is an equilibrium state for (X, F). We also have 



/ 



OO 



ne~" p (^) f < oo if P(p) > 0, .... 
T ^^^W |=oo ifPM=0. ^ 

Therefore if P{f) = 0, we cannot project this measure to the original system. □ 



In the limit K — > oo, the potential is (p(x) = b for x £ (0, 1] and ip(0) = 0. It is 
easy to see that the same results above hold in this case and that for 99-i og 2,oo the 
equilibrium states are Sq and the measure of maximal entropy. 

We briefly summarise the conclusions of this example, in order to clarify how it 
fits in with the results stated in this paper. We fix K ^ 2. Since <p is monotone, 
\\<p\\bv < oo, but En su PceP n IMc||w = E n K(^) = °°. Therefore Theorem 2 
does not apply for any value of b. 
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• For b ^ bx, we have P(<p) = but (1) fails, so Theorems 1 and 4 do not 
apply. However, there exists a unique equilibrium state 5q by [HI]. 

• For bx < b ^ — log 2, we have P(<p) > 0, but again Theorems 1 and 4 do not 
apply. However, there exists a unique equilibrium state by [HI]. Moreover, 
direct computations as in (27) and (28) allow us to use our inducing method 
and Case 2 of Proposition 3 to show that there exists a unique equilibrium 
state, which can be obtained from an inducing scheme. 

• For — log 2 < b < 0, Theorem 1 applies (since ||<£>||w < oo) and Theorem 4 
applies because ^ is piecewise constant (so (SVI) holds and in fact, ^ is 
weakly Holder continuous, see (23)). Both theorems produce the unique 
equilibrium state. 

In general, inducing schemes are used to improve the hyperbolicity of the map 
or properties of the potential (e.g. to obtain weak Holder continuity). For this 
system (or for the Manneville-Pomeau map of Section 6.2 below), there are inducing 
schemes that produce the equilibrium state <5o For instance, one can take the original 
map itself, or the 'unnatural' system consisting of the left branch only, as induced 
system. But to obtain nice properties for map or potential, one has to induce to a 
domain disjoint from 0, and none of these 'natural' inducing schemes produces Sq as 
equilibrium state. 

For b ^ bx we have £>fM = 0, since Pg(& — St) = oo for all S < 0. If ip had 
summable variations, then the discriminant theorem [Sa2] would imply that ip is 
not 'strong positive recurrent', but can be either positive recurrent or null recurrent. 
The fact that we cannot project ^ appears to suggest that ip is null recurrent. 
However, since the variations of ip are not summable we are not able to use this 
theory. However, in the following lemma we make a direct computation to show 
that indeed <p is null recurrent when b ^ bx- 

Lemma 10. Fix K ^ 2. Ifb^bx then ip is null recurrent. 

Proof. Let Co and C\ the left and right cylinders in V\. Rather than considering 
all n-periodic cycles, we will restrict ourselves to special ones, and show that these 
are sufficient to imply recurrence. For each n there is a cycle cyc n := {p™, . . . ,p„} 
where p\ £ X n as defined above, f(p^) = Pn _1 for n ^ fc ^ 2 and f{p\) = p% (in 
fact it is easy to compute^ = 2 "_ 1 ). For x G cyc„, ip n (x) = s n . This cycle features 
n — 1 times in the computation of Z n (ip, Co). Hence, 



so J2 n Z n (<P> Co) ^ J2 n n = °°- Recalling that Pg{<p) = for b ^ bx, this implies 
that the potential is recurrent. 

Notice that p\ is the only point in cyc n that belongs to Ci. So using this point and 
cylinder Ci, the same computation implies that J2 n n ^n( i P^i) = °°> so ^ i s nun 




recurrent. 



□ 
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6.2. The Manneville-Pomeau Map. The Manneville-Pomeau map f a (x) = x + 
x i+a ( m od 1) with a £ (0, 1) is well-known to have zero entropy equilibrium states 
for the potential — t log \Df a \ and appropriate values of t. See [Sa2] for an exposition 
of this theory and the relevant references. Supposing that a < for p\ < p 2 < 1 
and b < — log 2 we will use the potential 

!-2ax a ifx€[0,pi], 
b ifx€(p2,l], 

as an example to show that (1) is sharp. (Note that ip has the same Holder exponent 
as — log \Df a \.) Since h top (f) = log 2, condition (1) is violated whenever b ^ — log 2. 
It turns out that as soon as this occurs, we can choose a,pi,p2 so that no equilibrium 
state can be achieved from a 'natural' inducing scheme on an interval bounded away 
from the neutral fixed point 0. Thus (1) is sharp, even when the potential is Holder. 

The conclusion of Proposition 2 proved below is that Holder regularity of the po- 
tential is not sufficient to dispense with the condition (1). 



Proof of Proposition 2. We will make a suitable choice for p\, P 2 later in the proof. 
Let yo = l and define y n £ (0,y n _i) for n ^ 1 such that f a (yn) = Dn-i- From the 
recursive relation y n = y n+1 (l + y° +1 ) we derive (cf. [dB]) 

^ = -^-(1 + Vn+i)' 1 = 7^-( 1 - Vn+i + vl+i + Err(yfr +1 )) , 

Un Vn+1 Vn+1 V ' 

where \Err(yf l ' +1 )\ = 0(y n +i). Using u n = y~ a this becomes 

. 1 vv« 



U n = U n+ l ^1 

= u n+1 1 - 



1 1 

H o \- Err 



Un+l 

a 

U n +1 



U 



n+1 



U, 



n+1, 



a(a + 1) ,_, 
+ ^-^ + Err 

zu n+l 



u: 



n+1, 



where 



Err 



7 — 



and using telescoping series this leads to 

a(a + 1 



O . Therefore u n+1 -u n = a+ a(a + 1} ^ +1 +Err ( 

log n + Err 



-2 
n+1 



u n = an + 



Transforming back to the original coordinate y n , we find 



Vn 

Thus 



a 



-2ay« = 



-2 

n 



I 



for y n < pi where |-EVr(n 



2n 

-2 a(a + l) 
n n z 
■ 0(n~ 3 ). 



a(a + 1) , ,_, 

1 H log n + Srr 

2n 

a(a + 1) _ 
logra + Erryn 



-l/a 



log n + Err(n 3 ) 
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For all n sufficiently large, the variations w.r.t. the branch partition satisfy V n (<p) ^ 
^ (obtained on the n-cylinder set [0, y n ]), so ip does not have summable variations. 
However, since ip is monotone, < °o. 

For any b < — log 2 we will choose K > N and p\ = K and P2 = UN depending on 
a and b. n ^ N implies (replacing the convergent sum of the last given and higher 
order terms by a single constant B = Bn which is bounded in N), 



Clearly choosing TV large enough we can make this error as small as we like. By the 
above, we have 

N 00 / /v\ 2 h - p Nb \ 

J2e s ^J2e kb + e Nb+B f^ (-) < e b — & — + e Nb+B (N + 1). 

n k=l N+l ^ 71 ' V 1 e / 

Hence, we can choose N so large that J2 n e Sn ^ 1 and hence by Figure 1 we have 
P(<p) = 0. (Likewise we can fix suitable o;, iV, K and find a critical value b a tv k 
where below this value, Xm e>3n ^ 1 an d above it, J2 n e Sn > 1.) 

We define F to be the first return map to X := (yi, 1], so if Xi € (yi, 1] is such that 
fa(xi) = Vi, then X{ = (xj + i,Xj] and n = i. A straightforward computation shows 
that &\x n is monotone and there is C ^ 1 such that for large n, — 21ogn — ^ ^ 
&\x n ^ — 21ogn + — ; in fact $ is weakly Holder. As in Lemma 9, we can show that 
Zq{$) < oo, so Pg(&) < oo and there is a unique equilibrium state ^$ for (X, F, <E>) 
which also satisfies the Gibbs property. However, as in (28), the inducing time has 
/ r dfj,$ = oo, as required. □ 



Although not crucial for the main results of this paper, the question whether the 
potential is recurrent (see (6)) is of independent interest. In this section we give 
sufficient conditions for <p to be recurrent, and for the topological pressure and the 
Gurevich pressure to coincide. 

Recall that Theorems 1 and 3 gave conditions under which transfer operator C v is 
quasi-compact. Let us first lay out an argument why this implies that ip is recurrent. 
Recall that quasi-compactness means that the essential spectrum a ess is strictly 
less than the leading eigenvalue A = exp(P(</?)), and there are only finitely many 
eigenvalues outside {\z\ ^ cr ess }, each with finite multiplicity. A result due to Baladi 
and Keller [BaK] says that this spectral gap implies that the dynamical C-function 



is meromorphic on {\z\ ^ A -1 }, with a pole at A -1 whose multiplicity is the same as 
the multiplicity of the eigenvalue A of £ ¥ ,. The argument why this implies recurrence 
of the potential is somewhat implicit in [BaK] . Namely, there is a function g which 
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$>(/ fc (*)) = iv&-2]r - 

>2/«] k=0 k=N 
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is analytic on {\z\ < A -1 } n {\z - A _1 | < e} such that ^(A -1 ) / and ('(z)/((z) = 
g(z)/(z — A -1 ) on this region. Hence lim 2 _ >-)k -i ('(z)/((z) = oo. Direct computation 
gives 

T^ = \t^ E e^ = l±z«Z M , 

^ ' n=l f n (x)=x n=l 

so recurrence follows. 

Proposition 5. Let f £ TL and (p be a potential such that sup (p — inf ip < h top (f) ■ 
If 

V n ((p) -»■ and E e_/3n = 00 ' 

n 

then ip is recurrent. (Here (3 n := @ n (ip) is defined as in (5).) 



Clearly f3 n ^ J2k=i ^(v 9 )) an d V n (ip) — > implies /3 n = o(n). The condition 
X)„e _/3n = oo is stronger: it implies that n = o(logn) and is implied by V n (ip) = 
0(n"( 1+£ )). 

It is well known that the Variational Principle holds for the potential ip = 0; in fact 
fhop(f) = P(0) = Pg{0) = Pto P (0) = lim-loglaps(r), 

n n 

where laps(/ n ) := ffV n is the lap number, i.e., the number of maximal intervals 
on which f n is monotone, see [MSz]. In fact, the lap number is submultiplicative: 
laps(/" +m ) s£ laps(r)laps(/ m ). Therefore h top (f) = inf „ \ log laps (/") and 

e hto P (f)n ^ l aps (/«) <J e n(hto P (/)+e n ) > ( 2 9) 

where e n — ► as n — > oo. We will extend this idea to ergodic averages of more 
general potentials in Lemma 11. For J G 7^, let (p m (J) = sup{<^ m (x) :x£ J} and 

ziFfr) ■■= E e ^ m(J) - 

For the remainder of this section we assume that (/, /) is topologically mixing, 
i.e., for each m, (I,f m ) is topologically transitive. In order to prove recurrence of 
(p, we need the following lemma. 

Lemma 11. Let if be a potential satisfying (1) and with (3 n (ip) = o{n). Then there 
exists T) > such that Z n (<p) ^ rie~^ n e Ptop ^ n for all n, and Pt op (<p) = Pg(<p)- 

Proof. Since / is topologically transitive, there is a collection of intervals permuted 
cyclically by /, such that for any interval J, there is n such that f n (J) contains a 
component of this cycle. For simplicity, let us assume that this collection is just a 
single interval L. 

Since every m-cylinder set can contain at most one m-periodic point, Z m (<p) ^ 
Z^ p (ip) for all m. Furthermore, Z^ p (ip) is submultiplicative, cf. (29), so 

PoM ■■= Jm 1 log Z**(<p) = inf 1 log Z*»(<p) < oo. 
Therefore Pg{<£) ^ Ptopif) < oo. 
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Recall that every J G V m corresponds to a unique m-path Dq — > D± — ► • • • — > D m 
in the Hofbauer tower (j, /) leading from the base -Do of the tower to some terminal 
domain D rn . The level of D rn was defined as the length of the shortest path from 
the base to D m . We say that the pre-level of J is pre-level(J) = R. 

The topological entropy h top (f) is the exponential growth rate of the number of re- 
paths Dq —►•••—» D n in the Hofbauer tower, and the limit of the exponential growth 
rates of the number of n-paths within Ir as R — > oo, see [H2] for the unimodal and 
[BBr, Sections 9.3-9.4] for the general case. Therefore, by taking R sufficiently large, 
we can find 7 > and Co G (0, 1) such that the number of fc-paths 



#{A) - D 1 -> ► D fe : level(D fc ) < ii, 1 < j < fe} ^ C e*(>W/)-7) ( 30 ) 



for all A; > 1, and 



sup 99 - inf 99 < htop(f) - 7 



log 2 



(31) 



Since (I, /) is topologically transitive (and using our simplifying assumption), there 
exists R 1 depending on R, such that for each D G T> with level(-D) ^ R, f R (D) D /. 
This implies that every J G V m with pre-level( J) ^ i?. contains a periodic point of 
period n := m + i?'. 

The idea is now for an arbitrary J G "P m to extend the corresponding path by R' 
arrows to find an n-periodic point p G J. If pre-level(J) ^ R, then by the choice 
of R', this is indeed possible. We call such cylinder sets J type 1, and we can thus 
compare Z% pc 1 (<p) to Z n (<p) as: 

zT el (v) = E e " m(J) 

JeV m ,typc 1 

^ J2 e P™ e -R'inf VeVn ( P ) ^ e ^e- R " milp Z n (^). (32) 

P =f"(p)ej 

J&V m is type 1 



If pre-level( J) > R, then the existence of an n-periodic point in J cannot be guaran- 
teed. We call such cylinder sets J type 2. Given such a type 2 cylinder set J, there is 
a maximal mf < m such that pre-level(J') = R for the m'-cylinder J' containing J. 
As we mentioned before, from any domain in the Hofbauer tower, there are at most 
two i?-paths that are outside Ir. Using this property repeatedly, we find that there 
are at most 2( m ~ m ')/ R = e ( m - m ')-R- starting at D m > but otherwise outside Ir. From 
D m r, there is at least one R'-paih leading back to some D G Ir, and using (31) and 
(30) we derive that there are at least C^ m ~ m ' - R ')^°vU)-i) 'type I'm — m'-paths 
from D m i . From this we conclude that the type 1 cylinders "sufficiently" outnumber 
the type 2 cylinders, and we can bound the contributions of type 2 cylinders in J' 
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by the contribution of type 1 cylinders in J' as follows: 

J C J', type 2 

x _L e -(m~m'-R')(htop(f)--y) e -(m-m')m{ ip ^ & f m (J) 
^° JCJ'.typc 1 

^ _L e (m-m')(snpip-uifip-htop(f)+'r+ 1 - 2 §^) e R'(htop(f)-^) ^ e <P™(J) 
^° JC J', type 1 



^° JCJ',typo 1 

Summing over all m! and J' € T 7 ™' , we get 

Now we combine this with (32) and the fact that {Z£° p ((/?)} n is submultiplicative to 
obtain 



e nP topM <; Z toV {ip) ^ Z top {(f) . z top { ^ ^ z to r{ip) [zt y pc + ^y po 

L ^ J 



<J Z*?(<^) fA") e R'(h top (f)-^<P) e Pm-f3n e Pn Zn ^ = IfA* Z n (<p) 
\CoJ 7] 

for rj = I — ) e --R'Cit°p(/)-inf <p) e /3n-/3 m _ Since n- m = R', we can assume that 

e Pm-Pn j s bounded independently of to, so 77 > 0. This proves the first statement. 
In fact, since /?„ = o(n), we also find Pt op {(p) = Pci^)- D 

Corollary 2. //sup 99 — inf 99 < h top (f) and J2n e ~^ n = °°> then the potential ip is 
recurrent. 

Proof. Since ip is recurrent by definition if J2 n ^~ n Z n (<p) = 00 for A = e^^, this 
corollary is immediate from Lemma 11. □ 

The above ideas lead us to show that in our setting P top and Pq are in fact the same. 
Corollary 3. If sup ip — inf 92 < h top {f), then Pt op {p) = Pcifi-, C) for every cylinder 

Set C in 1 trans ' 

Proof. This is the same proof as Lemma 11 with J G V m replaced by J G "P m nC. □ 
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